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Bose-Einstein partition distribution in microcavity quantum superradiance
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The paper reports the realization of the process of two-dipole Dicke superradiance in a planar optical
microcavity. Two dye molecules, located at a mutual distanceuRu within the transverse resonant mode of the
microcavity, are excited by two independent femtosecond pulses. The superradiant photon emission by the two
systems and the consequent enhancement of the time decay of the dipole excitation is investigated. Further-
more, the spatial counterpart of superradiance is revealed by the realization of the Bose-Einstein partition
statistics within the detection of photons emitted over the two output sides of the microcavity. A general
quantum analysis of the process is given in the paper.
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I. INTRODUCTION

The introduction of the concept of optical microscop
cavity ~microcavity! has produced some relevant scienti
advances, with implications on the technological and on
fundamental sides. We mention the possibility of modifyi
the atomic spontaneous emission~SE! @1,2#, the transition
spontaneous-stimulated emission in a thresholdless mic
ser @3#, and the introduction of the concept oftransverse
coherencelength in a planar microcavity@4#.

Recently we have demonstrated that a single-mode pl
microcavity with relevant dimensiond5l/2 may behave as
a reliable and efficient source of single-photon radiati
with a nonclassical sub-Poissonian distribution, if few flu
rescent dye molecules trapped between the cavity mirrors
excited by femtosecond laser pulses@5#. Because of the ul-
trafast excitation each molecule can absorb a single pu
photon only once during the pump pulse duration, witho
recycling between the lower and the excited level, and
emits a single photon at the wavelengthl over the only
allowed mode of the microcavity.

The single-photon generation process can be doubled
exciting two dipoles, or two ensembles of dipoles, which
assumed to be at rest a distanceR apart in the transvers
plane of the microcavity. In these conditions, inter dipo
coupling occurring between the two quantum objects vi
superradiant-type process is expected@6,7#.

The study of atomic superradiant interaction has rep
sented an important topic of fundamental physics. If the t
atoms are situated in free space at a mutual distanceR,l,
the wavelength of atomic emission, the SE rate can
doubled with respect to the corresponding rate of a sin
atom @8#. This temporalaspect of the superradiance proce
was experimentally investigated by Gross and Haroche@9#
and, more recently, by De Voe and Brewer@10#. In the case
of two dipoles trapped within a planar high finesse microc
ity the mutual interaction is established at a relative dista
much larger than the wavelength of emission. Provided
R5uRu< l c , the transverse coherence length of the mic
cavity @4,11# or, equivalently, the effective mode radius
the electromagnetic~e.m.! field @12#, the field involved in the
1050-2947/2001/64~2!/023809~10!/$20.00 64 0238
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inter-atomic coupling belongs to the common cavity spa
mode and the transverse interaction can be established w
retardation time,t r5R/c, which is much shorter than th
cavity photon lifetime,tc5 f (l/2pc). In the above expres
sionsl c52lAf , wheref 5pur u/(12ur u2) corresponds to the
finesse of a cavity terminated by two equal mirrors, w
complex reflection coefficients at normal incidencer 5r 1
5r 2 . In the case of two highly reflecting multilayer dielec
tric mirrors, l c can be as large as 100mm, and interdipole
interaction occurs in the subpicosecond time scale@13,14#.

In a recent experiment@15# we have investigated the pro
cess of superradiant spontaneous emission from a two-di
system confined in a planar microcavity. By this technique
was possible to verify the expected temporal behavior
superradiance. Furthermore, the investigation of this proc
in the space domain allowed us to discover an unexpe
collective Bose-Einstein distribution of the photons emitt
by the microcavityas a whole, over the modesk and k8,
corresponding to the two output sides of the microcavity.

In the present paper the full theory of the process of tw
dipole superradiant emission within a planar microcavity
reported and discussed. Furthermore, we give a detailed
scription of the experiment of Ref.@15#, and of the relative
experimental results.

The work is organized as follows: in Sec. II, after th
introduction of the radiation field quantization and of th
interaction Hamiltonian, we discuss the process of tw
dipole correlation within a microcavity. The expression
the rate of two-dipole superradiant spontaneous emissio
given in Sec. III, where the second-order correlation funct
of the field radiated by the two-dipole system is also defin
The description of the experiment and the experimental
sults are given in Sec. IV. Finally, an extended discussion
the results is reported in Sec. V.

II. TWO-DIPOLE CORRELATION WITHIN THE
MICROCAVITY

The theoretical analysis of the process of two-dipole c
relation via transverse interaction in a microcavity can s
by expressing the e.m. field in terms of the cavity mo
©2001 The American Physical Society09-1
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functionsUk j (r ) andUk j8 (r ), previously introduced by Ley
and Loudon@16#. We refer to their expression given in th
extended theory of spontaneous emission in a Fabry-P`rot
microcavity @2#. The e.m. field is quantized by the introdu
tion of mode creation and destruction operators. The op
tors for the modes with spatial functionsUk j (r ) andUk j8 (r )
are denotedâk j

† ,âk j and âk j8† ,âk j8 , respectively. The wave
vectork is assumed to be a continuous variable, a function
the polar anglesq and w @2#. For each set of polar angle
there are two transverse polarization directions with inde
j 51, 2 associated with unit vectors«(k, j ) @2#. The field
operators satisfy the commutations relations,

@ âk j ,âk8 j 8
†

#5@ âk j8 ,âk8 j 8
8†

#5d j j 8d~k2k8!, ~1!

@ âk j ,âk8 j 8
8†

#5@ âk j8 ,âk8 j 8
†

#50. ~2!

The mode operators allow one to define the normal-orde
part of the e.m. field Hamiltonian expressed in integral for

ĤF5E dk \ck( ~ âk j
† âk j1âk j8†âk j8 !, ~3!

where the three-dimensional integral is expressed as

E dk5E
0

1`

dkE
0

p/2

dqE
0

2p

dw k2 sinq. ~4!

The Hamiltonian of a two-level atomic system is defin
as

Ĥ05\vp̂†p̂, ~5!

with v52pc/l. Here the transition atomic operatorsp̂†

5ue&^gu and p̂5ug&^eu are associated with the ground an
excited energy levelsug& andue&. The following properties are
satisfied:

p̂†p̂†5p̂p̂50,
~6!

@p̂,p̂†#5122p̂†p̂52p̂p̂†21.

The expressionsp̂p̂†5ug&^gu and p̂†p̂5ue&^eu correspond
to the populations of the levelsug& and ue& and satisfy the
completeness relation for a two-level atom:

p̂p̂†1p̂†p̂51. ~7!

The interaction Hamiltonian is expressed in electric
pole approximation as a function of the electric-field ope
tor Ê(r ,t) and the dipole operatorD̂,ĤI(r ,t)5D̂•Ê(r ,t).
The electric-field operator is conveniently separated into
parts, Ê(r ,t)5Ê1(r ,t)1Ê2(r ,t), where Ê1(r ,t) and
Ê2(r ,t) are written in integral form and modulated by th
mode functions

Ê1~r ,t !5 i E dk(
j

S \ck

16p3«0
D 1/2

«~k, j !@Uk j~r !âk j

1Uk j8 ~r !âk j #e
2 ickt, ~8!
02380
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Ê2~r ,t !52 i E dk(
j

S \ck

16p3«0
D 1/2

«~k, j !@Uk j* ~r !âk j
†

1Uk j8* ~r !âk j
† #eickt. ~9!

The dipole operator is expressed as

D̂5ue&^euD̂ug&^gu1ug&^guD̂ue&^eu5m@p̂1p̂†#, ~10!

wherem5^euD̂ug&5Deg corresponds to the matrix eleme
of the dipole operator. The expression of the interact
Hamiltonian obtained in the case of electric dipole appro
mation is

ĤI5 i E dk(
j

S \ck

16p«0
D 1/2

«~k, j !•m@p̂†1p̂#

3@Uk j~r !âk je
2 ickt2Uk j* ~r !âk j

† eickt1Uk j8 ~r !âk j8 e2 ickt

2Uk j8* ~r !âk j8†eickt#. ~11!

We start to investigate the physical condition of two d
poles A and B, located on the symmetry planeZ50 of a
planar microcavity, interacting at a mutual transverse d
tanceR along theY direction ~see Fig. 1!. Their common
dipole vectorsmA andmB , with umAu5umBu5umu, are paral-
lel to the mirror planes and oriented at an anglea with re-
spect to theX axis.

The interaction Hamiltonian in Eq.~11! can now be reex-
pressed in the forms

ĤI5 i E dk(
j

gj~cosq!eik•rAĉk j@p̂A
†1p̂A1eik•R~p̂B

†

1p̂B!#1H.c., ~12!

where the function

gj~cosq!5S \ck

16p«0
D 1/2

i utu
12ur ueikdc

D
«~k, j !•m ~13!

accounts for the cavity confinement. In the last express
we haveD512ur u2e2ikdc, and the confined electromagnet
field has been expressed in a simple fashion by the follow

FIG. 1. Schematic of the planar microcavity with the dipolesA
and B located at a mutual distanceR on the symmetry plane
Z50.
9-2
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‘‘quasimode’’ substitutions: ĉk j5âk j1âk j8 and ĉk j
† 5âk j

†

1âk j8† . These new operators satisfy the commutation re
tions @ ĉk j ,ĉk j

† #52d j j 8d(k2k8).
The total Hamiltonian of the system becomes

Ĥ tot5Ĥ01ĤF1ĤI

5\v0~p̂A
†p̂A1p̂B

†p̂B!1E dk \ck(
j

3~ âk j
† âk j1âk j8†âk j8 !1 i E dk(

j
gj~cosq!

3eik•rAĉk j@p̂A
†1p̂A1eik•R~p̂B

†1p̂B!#1H.c.

~14!

We may now investigate the time behavior of the upper le
of dipoleA under the influence of dipoleB in the Heisenberg
representation

dp̂A
†p̂A

dt
52

i

\
@p̂A

†p̂A ,Ĥ tot#.

By following a second-order perturbative approximati
@7,17# we obtain

d^p̂A
†p̂A& t

dt
522GH ^p̂A

†p̂A&01
3m̂ im̂h

2k0
3 ^p̂A

†p̂B&0Cih
R

3@sin~k0R!#u~ct2R!1
3m̂ im̂h

k0
3 (

n51

1`

~2ur u!n$^p̂A
†p̂A&0Cih

nd@sin~k0nd!#u~ct2nd!

1^p̂A
†p̂B&0Cih

Rn@sin~k0Rn!#u~ct2Rn!%J ,

~15!

where the indexesi ,h51,2,3 represent the spatial vector a
tensor components. HereG51/2t rad5umu2k0

3/6p«0\ corre-
sponds to the characteristic free-space atomic spontan
emission rate,u(ct2x) are Heaviside unit step functions
and the general expression holds,

Cih
x @sin~k0x!#5k0

3H ~d ih2 x̂i x̂h!1
sin~k0x!

k0x
1~d ih23x̂i x̂h!

3Fcos~k0x!

~k0x!2 2
sin~k0x!

~k0x!3 G J . ~16!

Note in Eq.~16! the appearance of the self-interaction co
tribution to to the spontaneous emission of the atomA: this
one is expressed by the first term at the right-hand side~rhs!
of Eq. ~16!. The effect of the presence of dipoleB takes place
through two different channels, i.e., by a direct nonconfin
vacuum-field correlation, expressed by the second term a
rhs, and by aconfined-vacuumprocess with intensity propor
tional to uru. This last contribution is expressed by the ser
02380
-
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with alternate signs appearing in the equation. The par
etersnd and Rn5AR21(nd)2 correspond precisely to th
coordinates of thenth mirror images of dipoleA and of
dipole B, respectively@6,7# ~cf. Fig. 2!. As a consequence
the total decay rate, besides the free-space decay cont
tion, depends also on the coupling of each dipole with
own multiple images and with the multiple images of t
other dipole.

For the sake of completeness, we give the explicit expr
sion @7# of the SE rate of dipoleA for two cases correspond
ing to different spatial orientations of the mutually paral
dipolesm5m(cosa,sina,0) with respect to theX axis ~cf.
Fig. 1!.

Case 1. a50, dipoles parallel to theX axis,

d^p̂A
†p̂A& t

dt
522GX^p̂A

†p̂A&01
3

2k0
3 ^p̂A

†p̂B&0Fsin~k0R!

S 2
1

R3 1
k0

2

R D 1cos~k0R!
k0

R2Gu~ct2R!

1
3

k0
3 (

n51

1`

~2ur u!nH ^p̂A
†p̂A&0Fsin~k0nd!

S 2
1

n3d3 1
k0

2

ndD 1cos~k0nd!
k0

n2d2Gu~ct2nd!

1^p̂A
†p̂B&0Fsin~k0Rn!S 2

1

Rn
3 1

k0
2

Rn
D

1cos~k0Rn!
k0

Rn
2Gu~ct2Rn!J C. ~17!

It is interesting to study the function which modulates t
mutual terms,

D~ t,R!5
3

2k0
3 Fsin~k0R!S 2

1

R3 1
k0

2

R D 1cos~k0R!
k0

R2Gu~ct

2R!1
3

k0
3 (

n51

1`

~2ur u!nFsin~k0Rn!S 2
1

Rn
3 1

k0
2

Rn
D

1cos~k0Rn!
k0

Rn
2Gu~ct2Rn!. ~18!

FIG. 2. Multiple images of the two-dipole system due to micr
cavity reflections.
9-3
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The interference with alternate signs affects the incre
ingly retarded interaction contribution to the spontaneo
emission rate of dipoleA. This interference leads to the qu
sioscillatory result of Fig. 3~a!, where the temporal behavio
of D(t,R) is shown. It is found to be largely dependent
the cavity finessef and on the ratiob5R/ l c , expressing the
degree of coexistence of the atoms within the same tra
verse cavity mode.

Case 2. a5p/2, dipoles parallel to theY axis,

d^p̂A
†p̂A& t

dt
522GX^p̂A

†p̂A&01
3

2
^p̂A

†p̂B&0H 2F2
cos~k0R!

k0
2R2

1
sin~k0R!

k0
3R3 G J u~ct2R!13(

n51

1`

~2ur u!n

3S ^p̂A
†p̂A&0Fsin~k0nd!

k0nd
1

cos~k0nd!

k0
2n2d2

2
sin~k0nd!

k0
3n3d3 Gu~ct2nd!1^p̂A

†p̂B&02

3H F2
cos~k0Rn!

k0
2Rn

2 1
sin~k0Rn!

k0
3Rn

3 G1
n2d2

Rn
2

FIG. 3. Numerical evaluation of the mutual functionD(t,R)
expressed by Eqs.~18! and~20!. ~a! Dipoles parallel to theX axis
(a50). ~b! Dipoles parallel to theY axis (a5p/2). It is calcu-
lated as a function of the normalized timet85ct/R for a relative
interatomic distanceg5R/ l c50.5, and for a microcavity finess
f 51000.
02380
s-
-

s-

3Fsin~k0Rn!

k0Rn
13

cos~k0Rn!

k0
2Rn

2 23
sin~k0Rn!

k0
3Rn

3 G
3u~ct2Rn!J D C. ~19!

We note in this case the absence of the long-range interac
term proportional toR21 which corresponds to a less effi
cient head on dipole-dipole interaction. This is expressed
the numerical computation of Fig. 3~b!, which shows the
temporal behavior of the function which modulates the m
tual terms,

D~ t,R!53F2
cos~k0R!

k0
2R2 1

sin~k0R!

k0
3R3 Gu~ct2R!13

3 (
n51

1`

~2ur u!nH 2F2
cos~k0Rn!

k0
2Rn

2 1
sin~k0Rn!

k0
3Rn

3 G
1S nd

Rn
D 2Fsin~k0Rn!

k0Rn
13

cos~k0Rn!

k0
2Rn

2

23
sin~k0Rn!

k0
3Rn

3 G J u~ct2Rn!. ~20!

In Figs. 3~a! and 3~b! the oscillatory behavior due to th
cavity effect is superimposed on the causal step-function
havior expected in free space.

The causal nature of the two-dipole interaction within
microcavity given by Eqs.~17! and~18! could be verified by
us in a previous experiment performed at a single-pho
level @13# by taking advantage of the femtosecond tempo
resolution of the up-conversion nonlinear optical gate, as
ready discussed,@14#.

III. SUPERRADIANCE EMISSION RATE AND SECOND-
ORDER CORRELATION FUNCTION OF THE TWO-

DIPOLE RADIATED FIELD

The rate of superradiant emission of the two-dipole s
tem in a microcavity can be calculated by following Dicke
theory for a two-level atom@8#. Let us consider the case o
two dipoles prepared in the tripet entangled state,

uA,B&5
1

&
~ u↑,↓&1u↓,↑&), ~21!

with the corresponding expected values of the atomic op
tors

^p̂A
†p̂A&05 1

2 , ^p̂A
†p̂B&05 1

2 . ~22!

The temporal evolution of the excited level of dipoleA ex-
pressed in Eq.~16! becomes
9-4
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d^p̂A
†p̂A& t

dt
52GH 11

3m̂ im̂h

2k0
3 Cih

R @sin~k0R!#u~ct2R!

1
3m̂ im̂h

k0
3 (

n51

1`

~2ur u!n$Cih
nd@sin~k0nd!#

3u~ct2nd!1Cih
Rn@sin~k0Rn!#u~ct2Rn!%J .

~23!

In the relevant case of two dipoles oriented along theX
axis (a50) we can obtain the superradiant SE rate
pressed as a function ofR,

Gsup~R!5GH 11
3

2k0
3 Fsin~k0R!S 2

1

R3 1
k0

2

R D
1cos~k0R!

k0

R2Gu~ct2R!1
3

k0
3

3 (
n51

1`

~2ur u!nFsin~k0nd!S 2
1

~nd!3 1
k0

2

ndD
1cos~k0nd!

k0

~nd!2Gu~ct2nd!1Fsin~k0Rn!

3S 2
1

Rn
3 1

k0
2

Rn
D 1cos~k0Rn!

k0

Rn
2Gu~ct2Rn!J .

~24!

In the limit t.x/c, u(ct2x)51 and the temporal depen
dence can be neglected.

Note that this expression has been obtained in the cas
strong atom-field coupling, a condition which is not usua
met in the planar microcavity@18#. This implies that the
condition tc@1/V, wheretc and 1/V represent the cavity
photon lifetime and the period of Rabi oscillation, is n
satisfied in our experiment. As a consequence, the super
ant time phenomenology accounted for in the present w
only relates to the behavior of the diagonal elements of
density matrix of the active dipoles@19#.

Figure 4 shows the behavior ofGsup(R), normalized toG,
as a function of the normalized distanceg5R/ l c . The pa-
rameters adopted in the numerical analysis are those of
experiment,f 53000, l c577mm. Furthermore, the ordern
of the series is truncated at a proper valueM5200 and the
contribution of the termsn.M has been neglected. It i
found that for maximum superradiance (Rg0) the value of
G(R) is twice as large as the valueG` of the case of two
independent dipoles (R@ l c).

This property, which manifests itself as the characteris
signature of superradiance, has been verified in our exp
ment by the measurement performed with a stand
Hanbury-Brown-Twiss~HBT! apparatus of the temporal evo
lution of the second-order correlation function~see configu-
ration A of Fig. 5, Sec. IV!. We introduce here its expressio
in order to get a better insight into the process:F(t)
02380
-

of

di-
rk
e

ur

c
ri-
rd

}^Ê2(t)•Ê2(t1t)Ê1(t1t)•Ê1(t)&. Heret corresponds to
the time delay between two photodetections. Let us refe
the case of two dipoles parallel to theX axis (a50) ~cf. Fig.
1!. They are excited at the timet050 and the emitted radia
tion is observed at a later timet by a detector located on th
Z axis at a distanceZ@l from the center of the cavity. In the
Heisenberg representation, the field can be expresse
terms of the dipole transition operatorsp̂A(t) andp̂B(t) @2#,

Ê1~z,t !52UA~12ur u2! (
n50

`

r 2nH F p̂AS t2
Z12nd

c D
1p̂BS t2

Z12nd

c D G 1

Z12nd

1r F p̂AS t2
Z1~2n11!d

c D
1p̂BS t2

Z1~2n11!d

c D G 1

Z1~2n11!dJ .

~25!

In the above equation the effect of multiple intracavity r
flections has been considered,r represents the reflection co
efficient of the mirrors at normal incidence, andU is a con-
stant depending on the wavelength of emission and
dipoles orientation@2#. Since the radiative decay time of th
dipoles is much longer than its period of oscillation we c
ignore the differences between the retardation times in all
terms which contribute to the radiated field. As a con
quence, the expressions of the electric field and of
Hermitian-conjugate become

Ê1~Z,t !52U~11r !A12ur u2F p̂AS t2
Z

c D
1p̂BS t2

Z

c D G (
n50

`

r 2n, ~26!

FIG. 4. Superradiant decay rate as a function of the interato
distanceg of two parallel dipoles oriented along theX axis and
located on the planeZ50 of a symmetrical microcavity. Cavity
finessef 53000.
9-5
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Ê2~Z,t !52U~11r * !~A12ur u2!* F p̂A
† S t2

Z

c D
1p̂B

† S t2
Z

c D G (
n50

`

r * 2n. ~27!

We can write the second-order correlation function of
field radiated by dipolesA andB as

F~t!5^@ÊA
2~ t !1ÊB

2~ t !#•@ÊA
2~ t1t!1ÊB

2~ t1t!#

3@ÊA
1~ t1t!1ÊB

1~ t1t!#•@ÊA
1~ t !1ÊB

1~ t !#&.

~28!

By substituting the expressions of the electric-field opera
given in Eqs.~24! and ~25!, we obtain

F~t!}^@p̂A
†~ t !1p̂B

†~ t !#@p̂A
†~ t1t!1p̂B

†~ t1t!#@p̂A~ t1t!

1p̂B~ t1t!#@p̂A~ t !1p̂B~ t !#&. ~29!

Because of the operators commutation properties@19# the
contribution due to different atoms vanishes and we obta

F~t!} (
i 5A,B

^p̂ i
†~ t !p̂ i

†~ t1t!p̂ i~ t1t!p̂ i~ t !&

1(
iÞ

$^p̂ i
†~ t !p̂ j

†~ t1t!p̂ j~ t1t!p̂ i~ t !&

1^p̂ i
†~ t !p̂ j

†~ t1t!p̂ i~ t1t!p̂ j~ t !&%. ~30!

Moreover, by accounting for the antibunching character
the output radiation, we have

F~t!}(
iÞ j

@^p̂ i
†~ t !p̂ j

†~ t1t!p̂ j~ t1t!p̂ i~ t !&1^p̂ i
†~ t !

3p̂ j
†~ t1t!p̂ i~ t1t!p̂ j~ t !&# ~31!

for i, j 5A,B.
We make further use of the ansatzp̂(t)5p̂(0)

3exp$2@i(2pc/l)1(1/2)G(R)#t%, implying that no causa
interdipole interaction is established att050 @6,7#. By aver-
aging over all the possible times of emission of the fi
photon, we found by a simple integration

F~t!}exp@2G~R!utu#, ~32!

with the explicit expression ofG(R), the function of the
free-spaceSE rateG given in Eq.~23!.

This result guarantees the possibility of measuring the
hancement of the superradiant spontaneous-emission
of a two-dipole system trapped in a microcavity b
a HBT experiment, as described in Sec. IV. Precisely,
have measured the normalized quantity F(t)
5 limT→` g(2)(t)@T21*0

Tg(2)(t)dt#21, whereg(2)(t) corre-
sponds to the degree of second-order temporal coheren
the radiation emitted by the microcavity. By referring to co
figuration A of Fig. 5 and assuming the exponential decay
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the SE probability,F(t) may be also interpreted as the no
malized time probability distribution of detectingnk52 pho-
tons emitted over the output modek and nk850 photons
over the modek8, symmetric tok. Because of its normaliza
tion propertiesF(t) is proportional at timet50 to the prob-
ability of simultaneous emissionof two photons over the
output modek and zero photons overk8, F(0)5AP(2,0). A
similar argument can be applied whenF(t) is determined by
configuration B of Fig. 5. In this case we get the probabil
of simultaneous emission of one photon over the out
modek and one photon overk8: F(0)5AP(1,1).

IV. EXPERIMENTAL RESULTS

The microcavity adopted in the experiment consisted o
single-longitudinal mode Fabry-Perot interferometer, term
nated by two parallel, plane multilayer dielectric mirror
highly reflecting (R[ur u250.999) at the resonant wave
length of emission (l5700 nm) and highly transparent a
the excitation wavelengthlp,l. The cavity ‘‘finesse’’ was
f 53000. This value determines the time of establishm
of the e.m. mode within the microcavity storage tim
corresponding to the ‘‘coherence time’’ of the emitted pa
ticles: tc'1 ps@18,20#. The active medium was given by
1025 mole/liter concentration of Oxazine 725 dye molecu
dispersed in a polymethyl methacrylate~PMMA! solid film.
The experiment was carried out either at room tempera
or at the liquid-nitrogen temperature~LNT!. A longer fluo-
rescence decay time was measured in the second cas
cause of the increased quantum yield of the dye molec
@21#.

Molecular excitation was performed by an amplified co
liding pulse mode-locking~CPM! dye laser, operating atlp
5615 nm. Two identical excitation pulses, with durationdt
580 fs, were focused by means of a 20 cmf /1 lens within
the microcavity in two spots with diameterw510mm at an
externally adjustable mutual transverse distanceR along the
Y axis by a fine adjustment of the angle between the t
excitation beams. Temporal delayDt between the two exci-
tation pulses was varied by means of a step by step tran
tion stage with spatial resolution of 1mm.

The photons emitted over the forward mode of the mic
cavity were detected by cooled, avalanche single phot
counting modules EGG-SPCM200, indicated byD1 ,D2 ,D3
in Fig. 5, with a typical quantum efficiency of 65%. Th
number of molecules in each spot wasu105 but, because of
the limited values of their quantum yield and of the coupli
efficiency of the cavity over the forward mode~u2%! @22#,
only few active molecules could radiate in the direction p
pendicular to the mirrors. A careful adjustment of the pum
energy could bring to the peculiar condition ofsingle-photon
emission from the microcavity following any single-las
pulse excitation. This condition could be tested experim
tally by use of suitable Hanbury-Brown-Twiss~HBT! inter-
ferometric configurations involving each or, alternative
both output modes,k andk8, corresponding to the configu
rationsA andB of Fig. 5 @5,19#. The HBT coincidence rate
evaluated as the ratio between the number of spurious t
detector coincidences and the number of detected ‘‘sing
9-6
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BOSE-EINSTEIN PARTITION DISTRIBUTION IN . . . PHYSICAL REVIEW A64 023809
per second, was found less than 1023. The HBT measure-
ments showed a striking evidence of the highly nonclassi
photon antibunching process, i.e., implying a very sma
value of the field’s degree of second-order coherence:g(2)

!1. As an example, a typical value of the second-order
herence degree,g(2)54, 331022 was determined with con
figuration A on the basis of the following results: the numb
of detected coincidences is 3, the detected ‘‘singles’’ at
output of detectorsD153810 andD253250, and the di-
mension of the statistical sample is 1.83105 laser pulse ex-
citation events. The evaluation ofg(2) was carried out by
detecting the photons within time windows of 5 ns followin
each excitation laser pulse and by means of a photon-cou
Stanford Research SR 400.

As far as the time correlation measurements are c
cerned, these were carried out by feeding a time
amplitude converter~TAC! with the standard TTL outpu
pulses of couples of detectors. The TAC~Silena 7412!,
which allowed us to monitor the time interval between t
pulses of different detectors with a resolution of 50 ps, w
connected to a multichannel analyzer~MCA! ~Silena 7923-
2048!. The dye emission radiation, spectrally filtered by t
microcavity, was spatially selected over the forward mode
aligning the two detectors~with active diameters of nearly
100 mm! in the focal plane of two 5 cmf /1 lenses. The re-

FIG. 5. Optical configurationsA andB of the Hanbury-Brown-
Twiss interferometers adopted in the experiment.
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sidual stray light was removed by inserting two interferen
filters centered atl5700 nm before the detectors.

Because of the random orientation of the active molecu
the output radiation was found slightly~20%! linearly polar-
ized along the~linear! polarization of the excitation lase
beams@22#. In order to investigate the emission properties
the active dipoles along the orthogonal transverse spatia
rectionsX and Y, the output radiation detected by eachD j
was filtered by adjustable optical polarization analyzersPj .
The polarization of the excitation pulses was set orien
alongX.

Two different experimental configurations, involving tw
laser-pulse excitations, were investigated. Configuration A
Fig. 5: by adoption ofD1 andD2 asstart andstopdevices
for the TAC, we could measure the joint probability of ph
ton pairs emission over the single output modek, i.e., on one
side of the microcavity. Configuration B: the adoption ofD1
andD3 asstart-stopdevices, allowed direct HBT investiga
tions on both output modesk andk8 of the microcavity, here
used as a kind ofactive beam splitter@5#.

Typical experimental results corresponding to the tem
ral evolution of the coincidence probability, obtained at LN
in the case of two dipoles oriented along theX axis, are
shown in Fig. 6 for three values of the mutual distanceg
5R/lc50.33, 2.9, and 7.2, beingl c577mm for our experi-
ment. A relevant variation of the coincidence probability
observed att50 for R varying from the case of fully inde-
pendent dipoles to that of two dipoles interacting within t
same spatial mode. Figure 7 allows us to compare, o
semilogarithmic plot, the corresponding temporal dec
traces ofF(t). The decay rate is enhanced of a factor 1.8
R→0. Note that the decay rate ofF(t) measured at the
largest distance is nearly equal to the single molec
spontaneous-emission rate in a microcavity@2#.

The experimental results reported in Figs. 8~a!–8~c! allow
us to compare the process of two-dipole interaction for d
ferent orientations of the emitting dipoles. In spite of t
shorter decay times due to the fact that the measurem
have been performed at room temperature, we can com

FIG. 6. Experimental normalized MCA distributions obtained
LNT for g50.33, g52.9, andg57.2. Dipoles oriented along the
X axis.
9-7
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the results obtained for the interdipole distancesR530 and
600 mm. We observe that the enhancement effect vanis
for two mutually orthogonal dipoles while it is sensibly r
duced in the case of two dipoles oriented along theY axis,
corresponding to the less efficient head-on dipole-dipole
teraction.

The above results demonstrate that the peculiar geom
of the microcavity is instrumental in the determination of t
time behavior of a quantum SE decay process within an
teratomic interaction. Thismesoscopiccharacter of the de
vice is precisely ascribable to the fact that the wavelengtl
of the confined photon is of the order of the relevant dim
sion d of the confining device. This is a common charact
istics of all nanostructures that exhibit quantum properties
this perspective, it is expected that also thespatial behavior
of some relevant dynamical process should be affected
the peculiar quantum properties of the device.

In the new experiment, the planar symmetric microcav
has been adopted to investigate the spatial statistical d
bution of the couples of photons emitted over the two
lowed microcavity output modesk andk8 under correspond
ing couples of excitation laser pulses. This process has b
investigated with the same microcavity by both experimen
configurations A and B, Fig. 5, and for very small time del
t'0. Precisely, we have measured the probabilityP(2,0) of
the simultaneous photodetections realized byD1 and D2
coupled to the external output modek, and the probability
P(1,1) of the simultaneous photodetections realized byD1
and D3 coupled to the counterpropagating external out
modes k and k8. According to a ‘‘classical’’ Maxwell-
Boltzmann partition statistics, and by accounting for t
couples of detection events, we expectP(1,1)52P(2,0).

In Fig. 9 we report the results of this experiment. Here
values of the probability are referred to the total number
two-photon detection events actually registered in the exp
ment. Furthermore, by reporting the experimental data
tained by configuration A, we have taken care of the effec

FIG. 7. Semilogarithmic plot of the two-photon MCA distribu
tions F(t) of Fig. 6, neart50. The dashed straight lines represe
the corresponding time decays evaluated by following the exp
sion of G(R) reported in Eq.~22!.
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the symmetrical beam splitter placed at the output of
microcavity. The experimental results show that the class
conditionP(1,1)52P(2,0) is verified indeed for a large in
terdipole distance:R@ l c . However, for shorter distancesR
& l c , the relative values of the probabilities converge towa
the common value: P(1,1)5P(2,0). This implies that a
quantum Bose-Einstein partition process determines the p
toemission over the external modes of the microcavity. T
unambiguous conclusion is that, forR/ l c!1, the two pho-

t
s-

FIG. 8. Semilogarithmic plot ofF(t) at room temperature, cor
responding toR530 and 600mm for the three cases:~a! dipoles
parallel to theX axis, ~b! dipoles parallel to theY axis, and~c!
perpendicular dipoles. The dashed straight lines shown in each
correspond to the best fits of the experimental curves.
9-8
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tons tend to be emitted both at thesame timeand over the
same spatialmode of the microcavity.

V. ANALYSIS OF THE RESULTS AND DISCUSSION

The realization of a quantum statistical photon distrib
tion law over the two output sides of an optical cavity
unexpected in the usual laser dynamics and has never
investigated so far. We may explain this remarkable phen
enon by expressing the density operator which represent
state of the field for the two relevant cases,R! l c and R
@ l c .

Let us consider first the conditionR! l c . In this case, the
two photons are emitted over the common spatial mode
the microcavity~cf. Fig. 5!. It is given by the linear super
position of the modes with theinternal momentap5\k,
p85\k852p, directed towards theleft ~l! and right ~r!
sides of the cavity. In this condition, the appropriate expr
sion of the density operator is

r15p22E E dw dw8 cos2 w cos2 w8~ âl
†1eiwâr

†!~ âl
†

1eiw8âr
†!uvac&^vacu~ âl1e2w8âr !~ âl1e2 iwâr !,

~33!

where the vacuum field is represented byuvac&[u0,0&[u l
50, r 50&.

In the above equation we have taken into account
enhancement of spontaneous-emission probability in
plane microcavity as function ofZ by means of the distribu
tion functionp21 cos2 w @2#. Moreover, because of the un
form molecules distribution between the two mirrors, t
phasesw5pZ/d, w85pZ8/d account for the random pos
tion, shot to shot, of the emitting dipoles along the longi
dinal coordinateZ. By performing integration and normaliza
tion we obtain

r15 1
3 ~ u2,0&^2,0u1u1,1&^1,1u1u0,2&^0,2u! , ~34!

FIG. 9. Two-photon partition probabilitiesP(1,1) andP(2,0)
over the two output channelsk, k8 and detected att'0 as function
of the relative transverse interdipole distanceg5R/ l c .
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with, e.g., u2,0&[u l 52,r 50& or, generally, ux,y&[unk&
^ unk8&.

Suppose now that the transverse distance between
emitting dipoles is large,R@ l c . In this case the two photon
are emitted over twodistinct spatial modes, which are give
by the superposition of two couples of distinct travelin
wave modesl, l 8 and r, r 8 directed towards the left and th
right sides of the cavity. In this case the field of the system
given by the expression

r25p22E E dw dw8 cos2 w cos2 w8~ âl
†1eiwâr

†!~ â8 l
†

1eiw8â8r
†!uvac&^vacu~ âl81e2 iw8âr8!~ âl1e2 iwâr !,

~35!

where the operatorsâl , âl8 , âr , âr8 correspond to the mode
l ,l 8,r ,r 8 and the vacuum field is represented asuvac&
[u0,0;0,0&[u l 50, l 850; r 50, r 850&. It is found in this
case

r25 1
4 ~ u1,1;0,0&^1,1;0,0u1u1,0;0,1&^1,0;0,1u1u0,1;1,0&

3^0,1;1,0u1u0,0;1,1&^0,0;1,1u!. ~36!

The photons emerging from the left or right sides of t
cavity are finally focused outside the cavity over the pho
cathodes of the detectorsD1 ,D2 ,D3 , having selected the
polarization according to the experimental procedure
scribed in above and in Sec. IV.

By this theory we are able to justify the experimen
results. In the case of asinglespatial mode,R! l c , the prob-
abilities of detecting couples of particles either on the left
on the right of the cavity: P(2,0)5^2,0ur1u2,0&5 1

3 ,
P(0,2)5^0,2ur1u0,2&5 1

3 are equal to the probability of de
tecting one photon in each side:P(1,1)5^1,1ur1u1,1&5 1

3 .
The last result corresponds exactly to the quantum Bo

Einstein ~BE! statistics. According to this theory the prob
ability of distributingN indistinguishable particles amongG
‘‘boxes’’ is independent of the set of occupancies of t
boxes, here indicated in short by$ni%, and it is given by:
P$ni%5@(G21)!N!/(G1N21)!# @23#.

In the case of a large distance between the active dipo
R@ l c , the two photons are emitted over two distinct spat
modes and have to be considered distinguishable. In this
the partition probabilities areP(2,0)5^1,1;0,0ur2u1,1;0,0&
5 1

4 , P(0,2)5^0,0;1,1ur2u0,0;1,1&5 1
4 P(1,1)

5^0,1;1,0ur2u0,1;1,0&1^1,0;0,1ur2u1,0;0,1&5 1
2 , which is

exactly the classical result expected in the case of the b
mial partition statistics:P$ni%5G2NN!/(nl !nr !). Here, the
boxes labeled byi 5 l and i 5r express detection on eithe
side of the cavity, as said. Note that the two statistical f
mulas just given reproduce the results of the experiment
G52, nl1nr5N52.

As a conclusion, two~or more! photons become indistin
guishable and follow the quantum BE statistics when th
are emitted over the common space-time mode of the mi
cavity. The same effect could also be detected by excitin
large unknown number of active molecules in the microc
9-9
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ity. In this case the quantum character of the multipho
statistical process could be identified by the experime
determination of the two-channel ‘‘quantum noise function
previously introduced in a different context@24#.

As a final comment, we could say that the physical co
dition of two interacting dipoles within a microcavity iden
tifies exactlythe growing point of the ‘‘thresholdless micro
laser’’ @3#, in such a way that the superradiance
responsible, at a fundamental microscopic level, of the v
first stages of the collective dynamics of this process. All t
may have important consequences because of modern
nological implications on the knowledge of the behavior
the vertical cavity surface-emitting laser~VCSEL! @25#.

VI. CONCLUSIONS

In this paper we have discussed the realization of the p
cess of two-dipole Dicke superradiance in a planar opt
microcavity. The main theoretical results of the paper
Eqs.~17! and ~19!, calculated in the Heisenberg represen
S.
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tion, for the temporal evolution of the excited dipoleA inter-
acting with dipoleB within the microcavity. The two expres
sions corresponds to the different spatial orientatio
~dipoles parallel to theX and to theY axes, respectively! of
the parallel dipoles. The superradiant SE rate in the relev
case of two dipoles oriented along theX axis is given in Eq.
~24!. Then an experiment is presented aimed at the verifi
tion of the relevant theoretical results by the investigation
the spontaneous emission of two molecules trapped i
polymer matrix within a single-mode optical microcavit
The investigation of superradiance in the space domain
allowed us to discover the transition from the classical to
quantum partition statistics of the photons emitted over
two output modes of the microcavity for decreasing of t
interdipole distanceR.
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